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Abstract 

A chiral invariant Lagrangian describing the tetraquark-quarkonia inter- 
action is considered at the leading and subleading order in the large- A'^c ex- 
pansion. Spontaneous chiral symmetry breaking generates mixing of scalar 
tetraquark and quarkonia states and non-vanishing tetraquark condensates. 
In particular, the mixing strength is related to the decay strengths of tetraquark 
states into pseudoscalar mesons. The results show that scalar states below 1 
GeV are mainly four-quark states and the scalars between 1 and 2 GeV quark- 
antiquark states, probably mixed with the scalar glueball in the isoscalar sec- 
tor. 



1 Introduction 



The spectroscopic interpretation of the scalar states below 1 GeV represents an 
important issue of modern hadronic physics. It is not yet clear if the dominant 
contribution to their wave function constitutes of quarkonia, mesonic molecules or 
Jaffe's tetraquark states. In turn, this subject is strongly connected to the nature 
of the scalar states above 1 GeV (we refer to the review papers [H [21 [3]). 

Various interpretations have been proposed in the literature about the scalar 
resonances below and above 1 GeV. According to the most popular scenario, one in- 
terprets the isovector and isotriplet resonances ao(1450) and i^'(1430) as the ground- 
state quark- ant iquark bound states. The three isoscalar resonances /o(1370), /o(1500) 
and /o(1710) are an admixture of two isoscalar quarkonia and bare glueball config- 
urations (we refer to [HEHHElElElElElIinilll] and Refs. therein; recently the 
inclusion of hybrids in the mixing scheme has been performed in Ref. [12] )• As a 
consequence, the scalar states below 1 GeV (/o(600), /c(800), /o(980) and ao(980)) 
must be something else, like (loosely bound) mesonic molecular states [l3l[Tl], dy- 
namical generated resonances [TJ] or Jaffe's tetraquark states [H El [121 [IZJ [IS] • It is 
indeed possible that an interplay of these three possibilities takes place. 

The tetraquark states, whose building blocks are a diquark (g^) and an an- 
tidiquark (g^), play a central role in this paper. Calculations based on one-gluon 
exchange [H [19], instantons [201 [21], Nambu Jona-Lasinio model (NJL) [22] and 
Dyson-Schwinger equation (DSE) [23] support a strong attraction among two quarks 
in a color antitriplet (3c), a flavor antitriplet (3^) and spinless configuration [T| [T6] 
(color and flavor triplets are realized for an antidiquark). Naively speaking, such a 
scalar diquark 'behaves like an antiquark' from a flavor (and color) point of view, 
thus a nonet of light scalar tetraquark states naturally emerges in this context. Sup- 
port for the existence of Jaffe's states below 1 GeV is in agreement with the Lattice 
studies of Refs. [H [23 [25] . 

In the recent work of Ref. [18] the present author analyzed the strong and 
the electromagnetic decays of the light scalar states {/o(600), fc(800), /o(980) and 
ao(98O)}0 interpreted as Jaffe's tetraquark states, which naturally account for the 
mass degeneracy of /o(980) and ao(980) and their large KK decay strength. The 
dominant (Fig. l.a) and the subdominant (Fig. l.b) decay mechanisms in the 
large- A^'c expansion, respectively proportional to the decay strengths ci and C2, have 
been systematically taken into account in an effective S'f/v'(3)-invariant interaction 
Lagrangian. 

In the present work we extend the model of Ref. [18], which was built under 
the requirement of flavor symmetry SUyi'i)-, by considering invariance under the 
chiral group SUr{3) x SUl{3). The explicit inclusion of a scalar quarkonia nonet, 
lying between 1 and 2 GeV (see discussion in Section 2.1) as the chiral partner of 

^The resonance A:(800) is now listed in the compilation of the Particle Data Group [57] but it 
still needs confirmation and is omitted from the summary table. The resonance is also found in 
many recent theoretical and experimental works ( [ISj i28j (251 [301 [SH [32] and Refs. therein). 
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the pseudoscalar nonet, and the inclusion of the pseudoscalar diquark, as the chiral 
partner of the scalar diquark, are required. As in we keep the leading and the 
subleading terms in the large- iV^ expansion. 

As a consequence of chiral symmetry breaking, mixing among tetraquark and 
quarkonia states takes place. The most important theoretical result of the present 
work is the possibility to relate the mixing strength between the scalar tetraquark 
and quarkonia nonets to the tetraquark decay strengths Ci and C2 of Fig. 1 and to 
the pion and kaon decay constants. Furthermore, the tetraquark-quarkonia mixing 
in the scalar sector is responsible for the emergence of non-vanishing tetraquark 
condensates. 

The connection of the decay strengths Ci and C2 to the mixing allows us to 
evaluate its strength. As a result we find that the tetraquark assignment for the light 
scalar states is consistent: by analyzing the isovector channel the resonance ao(980) 
has a dominant tetraquark content; the quarkonium amount in its spectroscopic 
wave function turns out to be relatively small (< 10%). An analogous result is 
obtained in the kaonic sector. 

The use of chiral Lagrangian for the analysis of tetraquark-quarkonia mixing has 
been studied in Refs. [531 IMl ESI ES] , where sizable admixtures in the scalar physical 
resonances below and above 1 GeV are found. In the present work a different chiral 
Lagrangian is utilized and only the scalar (and not the pseudoscalar) diquarks are 
considered as basic constituent for low-energy mesonic resonances. Our results point 
to a smaller mixing strength and thus to a substantial separation of four-quark states 
below 1 GeV and quarkonia states above 1 GeV. 

The paper is organized as follows. In Section 2 the model is constructed: we recall 
the basics of the chiral treatment of the scalar and pseudoscalar nonets, we introduce 
the scalar diquark and briefly review Ref . |18] , we describe the pseudoscalar diquark 
and write down the chiral invariant tetraquark-quarkonia interaction Lagrangian. 
In section 3 the phenomenological implications are studied: the scalar tetraquark- 
quarkonia mixing and the magnitude of the tetraquark condensates. In section 4 we 
present the summary and the conclusions. 

2 Set-up of the model 
2.1 Quarkonia nonets 

We briefly recall the basic elements for the set up of the pseudoscalar and the scalar 
quarkonia nonets. At a microscopic level one has the quark field qi{x) with i = u,d, s. 
The right and left spinors are given by: 



where = i (1 + 75) and = 1 (1 - 75) . 



QiPL, 111 = liPR: 



(1) 
(2) 
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The SUr{3)x SUl{3) transformation on the quark fields is defined as: 

qi = qi,R + qi,L Rijqj,R + Ujqj.L with: R e SUr{3), l e SULis). (3) 

Out of quark fields one can build up operators (currents) with the correct quantum 
numbers of the physical resonances. In fact, at a composite level one deals with 
mesons, which have the same transformation properties of the underlying quark 
currents. In Table 1 we summarize the properties of the pseudoscalar and scalar 
quarkonia Hermitian matrices V and S and of the matrix S = 5 + iV: the corre- 
sponding matrix elements and the components in the Gell-Mann basis (denoted as 
'currents' in Table 1), the transformations under parity (P), charge conjugation (C), 
SUviS) (occurring foTR = L = Um Eq. ©), chiral SUr{3)x SUiiS) and [/^(l) 
(occurring for q^ e'^^'^qi, i.e. qi^R e^^qi,R and qi^L — > e~^^^qi,L) are reported. 



Table 1: Summary of the properties of P, S and S. 









j: = s + iV 


Matrix Elements 


'Pij = qjii^qi 


Sij = q^qi 


T^ij = 2q^j^qi^L 


Currents 


P" = qil^^q 






P 


-V{x^, -x) 


S{x^, -x) 


St(xU,-x) 


C 












USW 


f/Sf/t 


SUr{3)x SUl{3) 




i (LSi?t + i?StLt) 




f/A(l) iq^ ^ e^^^^g,) 









Following [30] and Refs. therein, which we refer to for a careful treatment, we 
introduce the Lagrangian Cy, 

£s = -Tr [c'^SS'^Et] - K)(S, St) - Vsb{^. St) (4) 

(Tr denotes trace over fiavor) which describes the dynamics of the pseudoscalar and 
scalar quarkonia mesons. As usual, Vq represents the chiral invariant potential while 
VsB encodes symmetry breaking due to the non-zero current quark masse^. In the 
present work we are not concerned with the detailed description of the properties of 
the potentials Vq and V^^. What is important for us is spontaneous chiral symmetry 
breaking (xSB), that is the minimum of the potential Vq + Vsb is realized for non- 
zero vacuum expectation values (few's): 

{Sij) = ai6ij (with = a^: isospin symmetry). (5) 

^Notice that we are considering nonets of states and not only octccts (the sum in Table 1 runs 
from i — 0, ...,8). Thus, in Vsb also C/a(1) breaking, mixing and large-A'^c suppressed terms are 
(implicitly) included. 



3 



The expectation values are related to the pion and the kaon decay constants in 
a model independent way [SUl 

+ (522) = 2a„ = V2F^, (5n) + (^33) = a„ + a, = V2Fk. (6) 

We use = 0.0924 GeV and Fk = 1.22F^. This leads us to shift the matrix S as: 

= S + iV — s>S = TiQ + S + iV where: Sq = (iia(7{Q;M, Os}- (7) 

The pseudoscalar nonet is well established: V ={71, K, rj, rj'}. The identification of 
the scalar states is controversial. Some models [221 ESI ESI SD] identify the resonance 
/o(600) as the chiral partner of the pion, hence a quarkonium nn = ■\/l/2{uu + dd). 
This assignment encounters a series of well-known problems: (i) in this scheme the 
resonances aQ(980) and /o(980) would be respectively ^Jlpli^u — dd) and ss. Their 
mass degeneracy is then hard to be explained from their quark content (see also 
the different point of view in Refs. [521110]) (ii) The strong coupling of ao(980) to 
KK cannot be explained within this assignment (the points (i)-(ii) are naturally 
explained when interpreting the light scalar resonance as mainly Jaffe's four-quark 
states, see Refs. [161 El [13, [IE] and next subsection), (iii) The scalar quarkonia 
states are p-wave {L = S = 1), therefore expected to have a mass comparable to 
the p-wave nonets of tensor and axial-vector mesons which lie well above 1 GeV. 

(iv) The Lattice results of Refs. [2S1 HI] predict a mass for the quarkonium state ud 
about 1.4-1.5 GeV, thus well above 1 GeV (see also the different result of Ref. [42]). 

(v) As shown in Ref. [43] (and recently confirmed in Ref. [44| at two-loop order 
in unitarized Chiral Perturbation Theory for the resonance /o(600)) the large- iVc 
behavior of the masses of the scalar states below 1 GeV is not compatible with a 
dominant quarkonium content, thus further pointing to a heavier bare mass of the 
latter. 

Thus, we expect that the bare quarkonia masses lie above 1 GeV. We will then 
analyze the mixing of the quarkonia states with the (lighter) four-quark states in 
Section 3. 



2.2 Scalar diquark and corresponding tetraquark states 

We turn our attention to the scalar diquark current. To this end we consider the 
following scalar fiavour-antisymmetric (Sp) diquark-matrix D: 

= Vf {iCl'q. - qlC^%) = V^A' (8) 
* i=l 

Wjk = "fii = ^^ijkqpl^qk , (9) 

where the superscript t refers to transposition in the Dirac space. Color indices, 
formally identical to the fiavor ones (3c), are understood. We refer to the quantities 



4 



LPi^ arising from the decomposition of D in the basis of the antisymmetric matrices 
A*, as the scalar diquark currents and to the Hermitian conjugate as the scalar 
antidiquark currents. 

In terms of flavour the currents y?, read: 

= <^u, ^2 = -^[u,s] ^d, = ^J^[u,d] ^ s (10) 

where the correspondence refers to the fact that a diquark in the flavor (and color) 
antisymmetric decomposition behaves like an antiquark, as already anticipated in 
the Introduction. 

The spinor structure of the kind q^C'j^q corresponds to a diquark with parity 
+ 1 (ergo to L = S = 0). Schematically: 



\qq)l=s=o ~ |space: L = 0) |spin: S = 0) [color: 3c) [flavor: Sp) ; = 0^. (11) 

As discussed in the Introduction the scalar diquark |5'5')^=5=q forms a compact and 
stable object, as one-gluon exchange, instanton-based calculations, NJL and DSE 
approaches show, rendering it a good constituent for light meson (and baryon) spec- 
troscopy [3]. 

In Table 2 we recall the microscopic decomposition of the elements of the diquark 
matrix D and the corresponding currents (fi of Eq. ([8]) and the properties under 
SUv{S), parity and charge-conjugation transformations. 



Table 2: Properties of the scalar diquark matrix D and components ifi. 









Elements/Currents 






P 


D 




C 






SUviS) 


UDU^ 





As one can notice, the St/y (3)-transformation of the diquark currents ipi VkUn 
is exactly analogous to the S'f/y(3)-transformation of an antiquark: — > q^JJl^. This 
is the formal way to express the correspondences in Eq. (ITO!) . 

The scalar tetraquark nonet is given by the composition of a scalar diquark and 
a scalar antidiquark, resulting in the following diquark-current: 



= (12) 

where the superscript [4g] refers to four-quark states and avoid confusion with the 
scalar quarkonia nonet introduced previously. 
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In flavor components iS^^'^l explicitly reads (from Eqs. ([8]) and ([9])): 



[d, s] [d, s] — [d, s] [m, s] [d, s] [m, rf] 
- \u, s] [(i, s] [m, s] [m, s] — [m, s] [m, (i] 
[m, d] [d, s] — [m, d] [m, s] [m, (i] [m, rf] 



i(/B[4g]-aO[4g]) 
-ao [4g] 



-a+[4g] 



A;+[4g] \ 



|(/B[4g]+aO[4g]) -k^[Aq] 



(13) 



(14) 



where in Eq. ( 1140 we explicitly introduced the tetraquark fields. In particular, the 
states crB[4g] = rf] and /B[4g] = ^^([m, [m, s] + [rf, s][c?, s]) refer to hare 

(unmixed) tetraquark scalar-isoscalar states. 

In Ref. P3] the S'f/y(3), C and P invariant interaction Lagrangian describing 
the decay of a tetraquark meson into two pseudoscalar quarkonia mesons has been 
introduces as: 



C 



5[4<j]pp 



(15) 
(16) 



where the dominant and the subdominant terms in the large- iVc expansion are con- 
sidered and correspond to the decay diagrams expressed in Figs, l.a and l.b , which 
are proportional to Ci and C2 respectively. In Eq. f llSp the interaction Lagrangian 
is expressed in terms of the diquark matrices D and D'^: in this way invariance 
under SUv{'i)i C and P transformation is easily verified by using the transformation 
properties listed in Table 1 and Table 2. In the form f|T6|) the tetraquark states are 
made explicit by using Eq. f|T2|) : the decay amplitudes for the tetraquark states into 
pseudoscalar mesons can be easily evaluated from Eq. flTBl) . see Ref. jTSj . 

Identifying the light scalar mesons as tetraquark states means the following as- 
signment jl8j : 



( ^(/b - aS(980)) 
-ao (980) 



-a+(980) 



i(/B + aO(980)) -fco 
-A;° Ob ) 



(17) 



where ao[45'] and A;[4g] of Eqs. (fT3|) - (fT4|) are identified with the physical resonances 
ao(980) and A;(800). Then, a mixing of the isoscalar tetraquark states cr5[4g] = Gb 
and /s[4g] = Jb-, leading to the physical states /o(600) and /o(980), occurs [T8] . 
The nonet S'^'^'^ transforms as a usual scalar nonet under flavour, parity and charge 
transformations: ^I^"! ^ f/^'^'lf/t (f/ ^ Sf/v(3)), ^l^*?] and (^t^^l)* respectively. 

The assignment of Eq. f|T7j) . i.e. the interpretation of the light scalar states 
as tetraquark resonances, has some characteristics able to explain some enigmatic 
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properties of the light scalar mesons: the almost mass degeneracy of the state ao(980) 
and /o(980) and the strong decay rates into KK are an immediate consequence of 
the quark content of such states in this scenario. Then, in the analysis of [H] the 
strengths of diagrams of Fig l.a and Fig l.b are analyzed quantitatively: it has been 
found that the a sizable contribution of the subdominant decay mechanism (Fig. 
l.b), resulting in the ratio C2/C1 = 0.62, improves the theoretical prediction of the 
important branching ratio fl'jg^-^^^/S'fg^;^^ [SI]- In fact, at the leading order (OZI- 

superallowed. Fig. l.a, C2 = 0) one has g'j^_,-j^j^/ q'^^^kk — clear contrast with 
the result g'^^^^—^/g'^^^_^—^ = 2.15 ± 0.40 reported in the analysis of Refs. [311 [32] . 

In the Lagrangian f[T5]) only flavour symmetry, and not chiral symmetry, is 
present. The basic question which we address in the present work is what hap- 
pens when extending the symmetry group. As we shall see, we obtain mixing of 
the tetraquark and quarkonia scalar states. That is, the strict equivalence of Eq. 
(fT7|) is not anymore valid: the physical scalar resonances below and above 1 GeV 
will be an admixture of four-quark and qq conflgurations. One crucial question is if 
the tetraquark content for the light scalar states below 1 GeV (and correspondingly 
quarkonia above 1 GeV) is the dominant one or not. 

In order to see these phenomena at work we flrst consider the chiral partner 
of the scalar diquark of Eq. ([8]), a necessary step in order to write down a chiral 
invariant interaction Lagrangian. 



2.3 Pseudoscalar diquark 

The pseudoscalar diquark is the chiral partner of the scalar diquark and is described 
by the diquark- matrix D and by the currents (pf. 




The pseudoscalar diquark has the same flavor (and color) substructure (3^ ,3^) as 
the scalar diquark but negative parity. It corresponds to: 

\qq)l=s=i ~ |space: L = 1) |spin: S = 1) [color: 3c) [flavor: Sp) ; = 0~ ■ (19) 

The matrix D and the pseudoscalar diquarks ifi transforms exactly as in Table 
2 but with opposite parity. 

In the chiral limit the scalar and the pseudoscalar diquarks have the same mass. 
However, chiral symmetry is spontaneously broken by the QCD vacuum. Calcula- 
tions based on instantons show that a strong attraction is generated in the scalar 
channel and a strong repulsion in the pseudoscalar one [201 EI] • Support for this 
picture is found in the recent Lattice calculation of Ref. [U], in the chiral model 
for diquarks of Ref. [16], in which the pseudoscalar diquark D is about 600 MeV 
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heavier than the scalar partner, and in the framework of Dyson-Schwinger equation 
[23] , where the mass difference is of the same order of magnitude. 

The common result of the above cited works is that the pseudoscalar diquark is 
loosely bound and heavier when compared to the scalar partner. Indeed, it is not 
clear if the pseudoscalar diquark can play the role of a constituent for hadronic states. 
As emphasized in Ref. |17j, in the large- A''^ limit only quarkonia states survive in 
the mesonic sector, a fact which also explain why non-quarkonia states are rare in 
the mesonic spectrum. The scalar diquark, being the most compact diquark state, 
can represent an exception and play a role in the physical world at A^^^ = 3. For 
all these reasons we will consider only the scalar diquark, and not the pseudoscalar 
diquark, as a basic and compact constituent of low-energy physical resonances. The 
inclusion of the pseudoscalar diquark is however a necessary intermediate step in 
order to write down a chiral invariant Lagrangian, see below. 

2.4 Chiral invariant interaction Lagrangian 

Out of the scalar and pseudoscalar matrices D and D of Eqs. ([8]) and (fT8|) we define 
the matrices Dr and Dl'. 

Dn = + D) = J2 (^f =^|\{^^ + , (20) 

i=l 

Dl = ^JliD -D) = f2 = Vf " • ^^^^ 

i=l 

The transformation properties of the matrices Dr and Dl are summarized in Table 
3. 



Table 3: Properties of the diquark matrices Dr and Dl. 





Dr = E ti 




Currents 


= eijkqpPRQ 


Vi = ^ijkq^jCPLQk 


P 


-Dl 


-Dr 


C 




Dl 


SUv{3) 


UDrU' 


UDlU' 


SURi3)x SUl{3) 


RDrR' 


LDlL' 


f/A(l) iq^ ^ e'^^^'q^) 


e^'^DR 


c-'^'^Dl 



Under chiral transformations the diquark components (pf transform as a right- 
handed antiquark, while the components yjf as a left-handed antiquark: 

- VkRL ^^ - dLl under SURiS) x 5f/z.(3). (22) 

We are now in the position to write a chiral invariant interaction Lagrangian in 
terms of the diquark matrices Dr and Dl and the quarkonia nonet matrix S. By 
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taking into account the transformation properties in Table 1 and Table 3 the chiral 
invariant interaction Lagrangian at leading and subleading order in the large-iV^ 
expansion reads: 

Ui. = -c,Tr [DrT!d\^ + Z^iS^D^St) + caTr [DrD^^T)^ + DlDIy.T)') . (23) 

A diquark and an antidiquark matrices are coupled to two S's: in both cases two 
quarks and two antiquarks are present. The Lagrangian fl2^ is also invariant under 
parity, charge conjugation and Ua{^) axial transformations. 

The constants ci and C2 are exactly those of Eq. (fT5|) . In fact, the flavor invariant 
Lagrangian (fT5|) has to emerge out of the chiral invariant Lagrangian. We discuss 
the precise relation between Eq. (fT5l) and Eq. (!23l) in the next section. 

The presence of two different diquark types leads to 4 tetraquark nonets: two 
scalars given by v^Jv^j (= iS^^'^l) and and two pseudoscalars given by v^l^j and 
(admixtures of these nonets with definite properties under chiral transforma- 
tions are found, see Appendix A). 

As discussed in Section 2.3 we do not consider the pseudoscalar diquark of Eq. 
( [T9|) as a suitable constituent for mesonic states. For this reason we consider only 
the scalar diquark as relevant constituent for low-energy spectroscopy, thus only the 
tetraquark nonet iS^^'^l = is taken into account. The other three nonets may 
eventually exist, but be heavier, and/or too broad to be measured. In the QCD 
spectrum below 2 GeV one notices the presence of supernumerary scalar states, 
which can accommodate a non-quarkonia nonet like iS'^"^] (and probably a scalar 
glueball), but the presence of a second non-quarkonia scalar nonet, such as the 
composition of two pseudoscalar diquarks ^J^j, seems to be excluded by present 
data 

The pseudoscalar sector is less clear: beyond the well established low-energy 
pseudoscalar nonet {vr, ii', ?7, 77'}, a second nonet shows up at around 1.3 GeV: the 
state 7r(1300) is usually interpreted as the radial excitation of the pion A kaonic 
state i^(1460) is also reported in [27|. The two isoscalar states ?7(1295) and ?7(1475) 
are usually interpreted as the excited rj and rj' mesons. The resonance r7(1405) is 
ambiguous, and various interpretations have been proposed, such as a pseudoscalar 
glueball, but some authors do not accept its existence [48]. Other massive pseu- 
doscalar states such as 7r(1800), -^'(1830), ?7(1760) are identified and interpreted as 
the second radial excitation [Ij (but this assignment is not yet conclusive). 

The fact that we take into account only scalar diquarks and the corresponding 
scalar nonet S^'^'^^ = ipjip is the basic difference with Refs. [201 EH ESI ES], where a 
scalar and a pseudoscalar nonets are considered (see also Appendix A). For instance, 
the resonance 7r(1300) is mainly a four-quark states in Ref. [31]. Furthermore, the 
Lagrangian interaction of Refs. [30l [35| breaks Ua{^) invariance, while Eq. (123|1 
does not. Here we do not evaluate the masses of quarkonia (we did not specify the 
potential Vq + Vsb in section 2.1) and of tetraquark states, but we concentrate on 
their interaction. Theoretical evaluation of masses of bare states is, on the contrary, 
an important part of Refs. [301 EH ES EE] . 
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3 Light tetraquark states: mixing with scalar quarko- 
nia and condensates 



3.1 The 'remnant' interaction Lagrangian 

By isolating in the interaction Lagrangian (l23ll only those terms involving the scalar 
diquark matrix D (and not the pseudoscalar matrix D) we obtain: 

^C^Mss = ^Tr [Dll'D^Y. + DYTD^Y)] + ^Tr [DD^Y^T. + DD^Y^T.^] (24) 

= -|-5|^^^lTr [A^T^A'i: + DTTD^ll'^] - '^S^^'^^Tr [A^'A^S^S + A^A^SS^] , (25) 

where in the last line the expression is explicitly presented in terms of the tetraquark 
scalar nonet tS^^'' defined in Eq. (fT2l) . 

For completeness we report the total Lagrangian under consideration. It is the 
sum of the Lagrangian £s in Eq- dll), which involves the pseudoscalar and the 
scalar quarkonia nonets, of a quadratic Lagrangian involving the kinematic and the 
mass terms of the scalar tetraquark nonet 5^^'^' and of the quarkonia-tetraquark 
interaction CsHq]Y,Y. of Eq. fl2^ : 

-^^tot = >Ce + -^^5 [49] -quadratic + '^5[*9lSS • (26) 

The term [4?] .quadratic is described in Ref. [TS], where the nonet mass splitting and 
the isoscalar-mixing are taken into account. In the present work we do not need to 
specify it. Our attention is focused on the quarkonia-tetraquark interaction term 

The phenomenon of chiral symmetry breaking, encoded in the non- vanishing vev 
for the field E in Eq. ([5]), introduces further terms beyond the tetraquark-quarkonia 
decay diagrams of Fig.l: a mixing term among the two scalar nonets S^^''^ and S and 
a linear term in S^'^'^\ corresponding to non- vanishing tetraquark condensates, are 
generated. In fact, when substituting E = T,q + S + iV into we can decompose 
it into four different terms: 

The Lagrangian Cs[4.q\pp of Eq. f|T5l) is reobtained (with the same coupling 
strengths Ci and C2). The Lagrangian Cs[Aq\gs is analogous to Cgi4q]pp, where one 
has two scalar quarkonia mesons instead of two pseudoscalar ones. We will not 
study the phenomenological implications of this term because in the present work 
the bare tetraquark states are lighter than the quarkonia states, thus such a decay 
is not kinematically allowed. 

The term £mix is linear in Eq and describes the mixing of S^^'^^ and S, see next 
subsection. The term £4q_cond is quadratic in Eq and linear in iS'^'^l and is responsible 
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for non-zero vacuum expectation value of the the isoscalar tetraquark fields (see 
Section 3.3). 

In Eq. (1271) we obtained a decomposition of the tetraquark interaction terms by 
expanding S around Eq, which is a minimum for the potential Vo + Vsb as discussed 
in Section 2.1. Care is however needed: when including the interaction term Cg[4q]Y:j: 
of Eq. fl24|) in the total Lagrangian £tot of Eq. (|26|1 the potential involving E-matrix 
has been extended to Vq+Vsb—'(^sI*i^j:j:'- the matrix Eq is not anymore the minimum. 
Strictly speaking one should not expand around Eq as in Eq. fl27|) but around the 
new minimum of Vq + Vsb — 'C^i^'jIss- We will discuss the issue in detail in Section 
3.3, where we show that in our case Eq still represents a good approximation for 
the minimum and that the expansion of Eq. fl27|) is justified. We also illustrate the 
point by means of a simple toy-model. 

3.2 Scalar tetraquark-quarkonia mixing in the isovector sec- 
tor 

3.2.1 The mixing Lagrangian 

The tetraquark-quarkonia mixing Lagrangian C^ix is derived from Eq. (IMI) by using 
E = Eq + iS + with Eq = diag{au, c^s} and keeping terms linear in Eq: 

= -CiSl'^'^Tr [A^J:oA'S + A^S'A%] - c^S^^'^Tr [A^ A\^qS + 5Eo)] (28) 

We depict the process corresponding to Cmix in Fig. 2, where the two diagrams 
resemble Figs l.a and l.b, but at one vertex the vacuum expectation matrix Eq 
enters in the game. If Eq vanishes, such terms vanish as well. It is noticeable that 
the decay-strengths parameters ci and C2 also regulate the intensity of the mixing. 
In Eq. (ITTl) and in Refs. [HI [T71 [18] the scalar states below 1 GeV are interpreted as 
pure tetraquark states. The present analysis shows that such an assignment cannot 
be strictly valid because mixing occurs. We aim now to evaluate the intensity of 
this mixing in the isovector channel. 

An important point is the following: in section 2.1 we discussed various argu- 
ments in favour of bare quarkonia masses well above 1 GeV. At the same time in the 
Introduction and in Section 2.4 we recalled that the scalar diquark emerges a com- 
pact light object within different approaches (one-gluon exchange [Illl9], instantons 
[201 [2T] . NJL model and DSE [22l [23]). The s-wave tetraquark states arising by 
composition of a diquark and antidiquark (as expressed in Eq. (fT2l) and (fT3|) - (fT^ ) 
is expected to have a mass below (or about) 1 GeV, as discussed in Sections 2.1 
and 2.2 by means of phenomenological arguments and as suggested by the Lattice 
works of Refs. [211 [2S1 [2S]- These facts lead us to consider the bare level ordering 

M4g < Mqq. 
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3.2.2 Mixing in the isovector channel 

We analyze the mixing of the two neutral states, denoted as ao[4g] (from the 
tetraquark nonet S^^'^^ of Eq. ([13]) -([Tl])) and clS CIq [qq] (from the quarkonia nonet 
S of Table 1). The isovector channel is free from isoscalar-mixing (and glueball) 
complications, and is experimentally better known than the kaonic sector. 
We isolate in Cmix of Eq. fl25]) the part concerning the neutral states: 

^mi^-ao = 2(cia, + C2a„) (a°[4g] ■ a°[gg]) . (29) 

When including the kinematic and (bare) mass contributions one has to diagonalize 
the following Lagrangian: 

^ =1 {dAMT + I {dyomT + Iv'^v (30) 

where 

aim)''' [2{c,a, + c,a^) -Mfof,^, j' ^''^ 
The orthogonal transformation matrix B, given by 

BQB' = -dzag{Ml^,,,^,Ml^,,,,^} , (32) 

connects the bare tetraquark and quarkonia states to the physical ones: 

aO(980) \_r.f <M \ cos{9) sin(^^) \ 

a0(1470) J \al[qq] J' \ -sin(^) cos(^) J ' ^ ' 

The physical masses read [27] : 

M,„(980) = 984.7 ± 1.2 MeV and M,„(i450) = 1474 ± 19 MeV. (34) 

The decay rates for the decay channel ao(980) — > rjir and ao(1450) — * rjTi are 
given by: 

^ _ Pao(980)^i?7r 2 _ Pao(1450)^r;7r 2 

i ao(980)^r,7r - „ , ,2 (ggo)^^^ , J- ao(1450Hr?7r - „ , .2 ^ao(i450)-,„^ ' 

where Pao(980)^J77r and Pao(i450)^r?7r represent the phase-space factors and the de- 
cay amplitudes g^^^g^^o^^^^ and g^^^^^^^o^^^^ are a superposition of the tetraquark and 
quarkonia contributions: 



g' 
g' 



q , cos(9) + q , sin(6') , 

• ' aQ [4gJ — *rj7v ^ / aQ [qq\ — *-rj7v v / ' 

1 ^ 
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The amphtude g^^y^^-^^^^ is calculated from £5(49] pp of Eq. (fT5|) and reads [18]: 

^?„oM^.^ = ^ [v^cos(^p) + sin(^p)] + y|c2 [cos(^p) - v^sin(^p)] (37) 

where 9p = -9.95° at tree-level [T0lll9]. 

The quantity Sf^^f-^j^^^ depends on the Lagrangian describing the decay of scalar 
quarkonia into pseudoscalar mesons, which we did not specify in this work. In the 
following we will treat it as a free parameter, see below. 

We now turn the attention to the experimental informations about the coupling 
constants in Eq. (!37j) . The coupling constant (980)^,,,r extracted from experi- 
mental analyses varies between 5 and 10 GeV^ [5U] . We then consider the following 
three values in the above rang^: 



g^ , ^ =5, 7.5, 10 GeV^ (38) 

which corresponds to Tao{980)^riTT = 65.8, 98.7, 131.6 MeV respectively. These values 
are compatible with the data reported by PDG [27|, which are however not yet 
precise. By using 

rao(980) = ^ao(980)^KK + rao(980)^7;7r and = 0.183 ± 0.024 [27], 

J- ao(980)^r?7r 

we obtain (ignoring the error on the last ratio): Tao{9so)-^riTT = rag/1.183. In PDG 
[27] the value ra(,(98o) = 50-100 MeV is reported, thus implying Tao{980)~>rin equal 
to 42.3 and 84.6 MeV respectively. The largest value = 10 GeV^ seems 

disfavored and we regard it as an upper limit. 

We now turn the attention to . In Ref. [27| the averages for the fol- 

^aQ(1450)^r;7r ' ' <=' 

lowing branching ratios are reported: 

The full width amounts to Ta^{iA5o) = 265 ± 13 MeV. The contribution of the two- 
pseudoscalar decays to the full width is unknown. By assuming it to be dominant, 
and thus that the up mode is suppressed, we obtain Tao{i4:5o)^rfn — 119 MeV, cor- 
responding to q^ ^10.4 GeV^. We do not include errors because we ignore 
the contribution of the up decay to the full width. Furthermore, the experimental 
result rap(i45o)^ajp/ra(,(i45o)^,y7r = 10.7 ± 2.3 reported in Ref. [51] would indicate a 
dominant up mode. This value is however not listed as an average or fit in [27]. We 
will consider the value 

g^ = 10.4 GeV^ (39) 



^Because of the large uncertanties in the experimental analyses we do not report in Eq. 
a single value with corresponding errors, but three possible values in agreement with present 
experimental infromations. 
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being aware that it could be smaller. 

We now turn to the evaluation of the mixing angle. We consider the theoretical 
coupling of Eq. (1361) as a free parameter, thus we are left with five param- 

eters: {ci,C2,M„o[4g],M„o[gq],5(^^j_^j_^^}. We fix the ratio C2/C1 = 0.62 as obtained 
in [18], where the light scalar are interpreted as tetraquark states. Although this 
choice cannot be a priori justified, we will then vary the ratio C2/C1 checking the 
dependence of the results on it. 

We fix the remaining four parameters to the physical masses of Eq. (IMl) , to the 
intermediate value ^^^^^^^^ = 7.5 GeV^ of Eq. ([MD and to Eq. (I39|). 

By using the bare level ordering Af„0[4g] < M^o^^q-^ the parameters are determined 
as (values in GeV, ratio C2/C1 = 0.62 fixed): 

|ci| = 0.96, M,o[4,] = 1.01, M,o[,,] = 1.45, = 3.75 . (40) 

corresponding to a quarkonium amount in the resonance ao(980): 

(sin ^)2 = 4.93% . (41) 

According to our result the resonance ao(980) has a by far dominant tetraquark 
substructure and only a small quarkonium amount. Similarly, the resonance ao(1450) 
has a dominant quarkonium substructure with a small 4.93% tetraquark content. 
The mixing between the tetraquark and quarkonia states turns out to be small. 

To have used C2/C1 = 0.62 from [18] is then justified a posteriori. Anyway, when 
varying the ratio C2/C1 and the couplings of Eqs. (138|) - (!39|) the results show a stable 
behavior: the mixing turns out to be small for all reasonable parameter choices, see 
Appendix B. 

Notice that we cannot determine the sign of the mixing angle 6 and Ci. In fact, 
we have no information about the sign of g and g from experiment. 

For this reason the modulus |ci| is reported in Eq. ( I40l) . If ci > 0, then 9 > and 
vice-versa. The two possibilities are however indistinguishable here. 

3.2.3 Further discussion 

Some comments are in other: 

a) In the kaonic sector the situation is similar. For instance, the part of the 
Lagrangian Cmix ( 128!) describing the k~[4:q]-KQ[qq] mixing reads: 

>Cmix-fc = -(2cia„ + C2(a„ + a,)) {k-[Aq] ■ K+[qq]) . (42) 

By using the solution reported in Eq. ( HOl) and the masses M^isoo) — 800 MeV 
and Mxo(i43o) = 1414 ± 6 MeV we obtain a quarkonium amount in /c(800) of the 
order of 3%, i.e. very small. As a consequence, the state ii'o(1430) has a dominant 
quarkonium content. The corresponding bare masses of the tetraquark and quarko- 
nia states are Mk[4q] = 823 MeV and Mxiqq] = 1400 MeV, thus only slightly shifted 
from the physical masses. 
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Let us turn to the problematic vri^-decay of the two resonances: the smallness 
of the mixing allows us to consider the approximate relations gk(800)^nK — dkiigi^irK 
(= \/3{y/2ci + C2/V2) as evaluated in [18]) and gK{u30)^TTK — gK[qq\~,-KK- Using the 
parameters of (HOj) one finds rfc(8oo)^7r_ft: — 130 MeV. The uncertainty on the decay 
strengths Ci and C2 allows for a width between 100 and 220 MeV. The values in this 
range are smaller than the present (not yet conclusive) experimental value of about 
600 MeV |57|. We refer to the discussions about the experimental caveats in Ref. 
[31] , where it is also pointed out that quarkonium, molecular or tetraquark interpre- 
tations all fail in reproducing the large width of /c(800). Meson-meson interaction 
governed by chiral symmetry as presented in Ref. [15] can play an important role 
to explain the large width of fc(800). It is important to stress that also the decay 
^^(1430) — s> ttK, evaluated in Ref. [10], turns out to be smaller than the present 
data of a factor 4. This problem has been analyzed in detail in Ref. [10] and is 
rather model-independent. Further work both on theoretical and experimental sides 
is clearly needed to fit all the properties of the kaonic states /c(800) and -ft'o(1430) 
in a unified picture. 

b) We report the mixing Lagrangian in the isoscalar sector in terms of the bare 
states asi^q] = d][u, d], /bIM] = ^iW^ s][u,s] + [d, s][d,s]) and = \J\{uu + 
dd) , S = ss : 

>Cmix-iso = 2{cias + C2au)NfB[4:q] + 2V2{ciau + C2as)SfB[4:q] 

+2V2{c, + C2)auNaB[Aq]. (43) 

The intensity of the mixing is of the same order of magnitude of the isovector and 
isodoublet channel, that is small. The system is then complicated by internal mixing 
terms like (Tb/b and NS and glueball mixing, which lead to the resonances /o(600) 
and /o(980) below 1 GeV, and to /o(1370), /o(1500) and /o(1710) above 1 GeV. 
Here we do not analyze this system quantitatively (see Ref. [36] for such a study). 
However, the tetraquark-quarkonia mixing is small as verified in the isovector and 
isodoublet channels, thus it is still vahd to deal with two separated tetraquark and 
quarkonia nonets with the scalar glueball intruding in the scalar-isoscalar quarkonia 
sector between 1 and 2 GeV. We therefore expect smaller mixing than in Ref. [5B] . 

c) We did not take into account the momentum-dependence of the theoretical 
amplitudes q ,_ , and q , . For instance, within a chiral perturbation theory 
framework the quantity g^^^^^^^^ has a (dominant) momentum-squared depen- 
dence of the form g^^^^^^^^ oc {j? — Ml — M^) [TO]. When including such form in the 
calculation the results are similar. In general (reasonable) momentum dependence 
does not change the picture, see Appendix B. 

d) One of the basic starting points of the evaluation of the mixing has been the 
bare level ordering Ma0[4g] < M„0[g^]. The reasons for this choice have been listed 
in Sections 2.1 and 3.2.1. Here we notice that solutions are possible also for the 
reversed bare level ordering Ma0[4g] > M^cjigg], for which the quarkonium content 
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is dominant in ao(980). Although the case M^o^^g-^ > Mg^o^g^^ seems unhkely for the 
above mentioned discussions, it cannot be ruled out. 

e) The interaction Lagrangian Cd. of Eq. (1231) contains the dominant and sub- 
dominant terms in large- A^c expansion. Further large- A'c suppressed terms and flavor- 
symmetry breaking terms were not included in the present analysis. Although they 
can quantitatively influence the results, they are not believed to change the quali- 
tative picture emerging from this work. 



3.3 Tetraquark condensates 

3.3.1 Vacuum expectation values and estimation of tetraquark conden- 
sates 

The term C4^g.cond of Eq. fl271) is linear in S^'^'^^ and quadratic in Sq. It explicitly 
reads: 

A,-cond = ciTr [DEoD^Eo] + caTr [DD^^l] 

= 2{ci + C2)alaB[4:q] + V2{2ciauas + C2{al + al))fB[4:q] (44) 

where in the second line the flavor-trace has been performed and a linear dependence 
in the isoscalar fields crB[4g] and /s[4g] is found. This implies non-zero vacuum 
expectation values for these two (bare) fields: 



where Ma-g[4g] and M^^j^^j refer to the (bare) tetraquark masses of the states o"B[4g] 
and /B[4g]. 

The non-zero vacuum expectation value (vev) of the nonet S^^'^^ f|T3|) - f|T^ reads: 



V2 ' 



(46) 



We can estimate the corresponding tetraquark condensate following the discussion 
of 



(47) 



The scale-factor Aq,^^ enters on dimensional ground. In virtue of the flavour content 
of the fields crs[4g] = ^[u, d][u, d] and /B[4g] = ^^{[u, s]\u,s] + [d, s][d,s]) and using 
the parameter set of Eq. (HUj) together with Aqcd ~ 0.25 GeV we obtain: 



[u, d] [u, d] 



A^^^/33^ 3.1 -10-5 GeV« 



(4J 
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~ A^cdA - 1-9 ■ 10"^ GeV*' (49) 

where the typical bare tetraquark masses Mo-g[4q] ~ 0.65 GeV and ^/g[4q] ~ 1 GeV 
have been employed [IB]. The precise value of the bare tetraquark masses is not 
relevant for our estimation. It is interesting to notice that the magnitude of the 
condensates is similar to [34J. 



- Id, s] 



3.3.2 Self-consistency problem 

The tetraquark nonet S^'^'^^ acquires non-zero vev^s (^iSj^'^^^ = PiSij (Eqs. (HSI) - 

Then, one has to shift the nonet as iS]^''' iS|^^' + (3i6ij and substitute it back 
into the Lagrangian ( 124|) . In particular, when considering the mixing term of Eq. 
^3|) the shift generates linear terms in the quarkonium scalar-isoscalar fields = 

I (uu + dd) and S = ss : 

■^mix-iso ^ 

(50) 

Then, these linear terms modify the vacuum expectation values for the scalar quarko- 
nium nonet of Eq. ([5]) as: 

/e \ /c \ , o(^i"s + ^2a'^)/5i + (ci + C2)a„/33 

= (522) = an + 2 (51) 

(533) = as^as + A (52) 

where and Ms refer to the bare quarkonia masses; we employ the typical values 
Mn ~ 1.3 GeV and Ms ~ 1.6 GeV [lOj. 

The modification of the vacuum expectation values of the scalar quarkonia fields 
acknowledges the problem mentioned in Section 3.1: the minimum Eq of the poten- 
tial Vq + VsB is not anymore a minimum of our entire potential Vq + Vsb — -^sIi-jIss- 

We have to take it into account when evaluating the values of and from Eq. 
([6]). When using the modified expressions fl5T]) - fl52|) in the Eq. ([5]), here rewritten 
as 

(5n) + (522) = V2F^, {Su) + {S33) = V2Fk , (53) 

the constants and change as follows (the parameter set of Eq. (HOl) and the 
above listed scalar masses are employed): 

a„ = ^^ ^(1-0.11), (54) 



+ V2Fk ^ (^-^ + V2Fk^ (1 - 0.06) . (55) 
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The corrections to the vacuum expectation values are 11% and 6% respectively, 
that is safely small. The results of the mixing evaluation in Section 3.2 and in 
Appendix B are therefore confirmed. Indeed, the imprecise knowledge of the exper- 
imental coupling constants of Eqs. fl38l) - fl39l) generates a larger uncertainty than the 
neglect of the few's corrections. The smallness of the latter originates from factors 

of the kind {^f2aulM,,alarf ~ {FjMscalar? m Eqs. (I5ID-(152]), where M^calar ~ 1 

GeV refers to the typical order of magnitude for the bare scalar tetraquark and 
quarkonia fields. 

One should then proceed iteratively, by shifting again the vev of the scalar- 
quarkonia fields according to Eqs. (15T]) - (!52|) and subsequently finding in the La- 
grangian the new linear terms in the scalar tetraquark fields (which arise from the 
scalar-tetraquark mixing terms); in turn, this procedure allows to determine the 
next-to-leading order correction to the tetraquark vev of Eq. (1461) . For instance, 
by using the new 'alfa-values' of Eqs. fl5^ - fl55l) and calculating the next-order 
correction to the vev (3^, a slight increase of 4% is found, a small fraction which 
does not change the results of the previous subsection about the tetraquark con- 
densates. This result is expected because the n-th correction involves factors like 
{F^./MscaiarY"', thus decreasing very fast. Naively, the minimum of the extended 
potential Vq + Vsb — -^^Mse is close to the minimum Sq of Vq + Vsb- In the next 
subsection an explicit study of this issue by means of a simple toy model is performed 
avoiding complicated algebraic expressions. Notice that the iterative process is the 
unique way to proceed because the exact form of the potential Vq + Vsb is not 
specified. 

The shift of the tetraquark nonet also induces contributions to the pseudoscalar 
and scalar quarkonia masses (terms C^nqipp and C^iiqigg in Eq. fl27j) ). This fact 
has no influence in this work because we do not evaluate the bare quarkonia and 
tetraquark masses. 

3.3.3 Toy potential 

Let us consider only the light quarks u and d: as well known, chiral symmetry 
invariance under SUfi{2) x SUl{2) is fulfilled by considering S = Nt^ + m'^T'^ , where 
= fin = ^Jl/2{uu + dd) is the isoscalar-quarkonium field, vr* the pseudoscalar 
pionic fields and r* the 3 Pauli matrices (r° is the 2x2 identity matrix). 

In the SU{2) limit only one scalar-diquark field survives: (p = \J^£jk(ljC'y^qk- 

The scalar-diquark matrix is given hj D = (pA where A = ir"^. Thus, we are left 
with only one tetraquark field: T = 0"B[4g] = d][u, d]. 

The Lagrangian £5 [49)22 in Eq. reduces to the very simple form: 

^C^Mss 9T {N"^ + , 9 = C1 + C2. (56) 

(In the SU{2) case the expressions for the dominant and subdominant terms in 
large- iVc expansion coincide). For illustrative purpose we use the usual Mexican-hat 
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potential Vq = ji^N"^ + — F^)^ and neglect Vsb- Thus, the toy potential of the 
reduced S't/(2)-problem reads: 

Koy = ^{N' + 1^'- F^f + ImIT^ - gT (iV2 + 1^^) (57) 

where a mass-term for the tetraquark field has been included. 

The minimum of Vq is at {Nq = F, tt = }. By expanding around this point, i.e. 
shifting N ^ F + N, the quantity C^nqij^j^ in the SU(2) limit generates analogous 
terms to those discussed throughout this section: 

-^^^MSE gT {N^ + = gT{N^ + + 2FN + F^) (58) 

In fact, we recognize the tetraquark- mesons decay terms, the mixing term (whose 
strength amounts to 2gF) and the linear term in the field T. 

But the minimum of Vq is not the minimum of Vtoy The corresponding minimum 
point of VJ;oy, denoted as Pmin = {Nq.Tq, if = }, can be analytically calculated: 

When g = we reobtain the minimum 

at A^o = ^ and Tq = 0. If the term g'^/XM^ 
entering in the expansions is small, one simply has small corrections to the value 
Nq = F . The toy-model clarifies what kind of correction terms one evaluates in the 
iterative process sketched in the previous subsection leading to Eqs. fl5^ - fl55l) . 

The bare mass of the field and the mixing strength can be also exactly eval- 
uated by expanding around the minimum Pmin: 

/■a'V.oA 2AF' „ ,, ,„,, 



Let US estimate the corrections. The parameter A at first order is: A ~ Mli/2F'^. 
This value is accurate if ~ ^^^i << 1. The condition is satisfied in our case. 
In fact, using the typical values g ~ 1.5 GeV (as in Eq. fHUl) ) F ~ F^, Mt ~ 0.65 
GeV and ~ 1.3 GeV one has .'^f^ fj; ~ 0.1; we also see the appearance of factor 
like {FT,/MscaiarY in the Taylor expansion, as already discussed in Section 3.2. 



4 Summary and conclusions 

This work aimed to study the implications of Jaffe's tetraquark states as a necessary 
component to correctly interpret the scalar low-energy QCD sector. We summarize 
the relevant points. 



19 



a) The scalar and the pseudoscalar quarkonia nonets are introduced in the usual 
fashion. We did not specify the potential for these fields, but we solely assumed chiral 
symmetry breaking to occur, thus non- vanishing few's for the isoscalar quarkonia 
fields, in turn related to the pion and kaon decay constants and Fx-, are generated. 
The bare scalar quarkonia masses are set above 1 GeV (in accord with the Lattice 
study of Ref. US, [26]), where the other p-wave nonets of axial- vector and tensor 
mesons lie. 

b) The scalar diquark in the flavor (3ir)and color (3c) antitriplet configurations 
is a compact and stable object, thus a good candidate for the basic building block of 
the light scalar mesons, which naturally emerge as a tetraquark scalar nonet. This 
assignment is in agreement with the mass-degeneracy of ao(980) and /o(980), their 
large KK decay strengths and their non-quarkonia behavior for large- A^^c analysis. 
These facts, together with point (a), support the bare level ordering M^q < Mgg. 

c) In a chiral framework the (3i?,3(7) pseudoscalar diquark is introduced as the 
chiral partner of the scalar diquark. Chiral symmetry breaking driven by instantons 
predicts a strong attraction in the scalar channel and a repulsion in the pseudoscalar 
one. This fact makes the pseudoscalar diquark heavier and loosely bound, thus we 
do not consider it as a relevant constituent for the light meson spectroscopy. For 
instance, an extra non-quarkonia nonet built out two pseudoscalar diquark is not 
seen in the spectrum below 2 GeV. 

d) A tetraquark-quarkonia interaction Lagrangian invariant under SUr{3) x 
SUl{S) X f/A(l) is written down at the leading and subleading order in the large-Nc 
expansion. Both scalar and pseudoscalar diquark constituents enter in its expres- 
sion. Then, in virtue of point (c) only the scalar diquark and the corresponding 
tetraquark nonet are taken into account. 

e) The x^B of point (a) generates a mixing term among the scalar quarkonia 
and tetraquark nonet. The corresponding mixing strengths are a linear combination 
of and F^ and the tetraquark decay strengths Ci and C2, which parametrize 
the processes of Figs, l.a and l.b. The mixing is then evaluated in the isovector 
channel: ao(980) is mainly a Jaffe's tetraquark state, with a small quarkonium 
amount (< 10%), and ao(1450) has a dominant quarkonium content. The results are 
similar in the kaonic sector and are stable under changes of the employed parameters, 
as long as the bare level ordering < Mgg holds. 

f) The x^B at a quarkonia level induces also linear terms in the isoscalar 
tetraquark fields, thus non-vanishing vev^s for the latter emerge. They are also 
related to the magnitude of corresponding four-quark condensate(s), whose values 
have been estimated about 2-3 ■ 10~^ GeV^. As a last step a self-consistency check 
about the minimum of scalar-isoscalar fields has been done and a simple toy-model 
for the reduced SU{2) problem discussed. 

We found a substantial separation of the tetraquark states (below 1 GeV) and 
quarkonia states (between 1-2 GeV, where the scalar glueball intrudes in the isoscalar 
sector). The confirmation of the falsification of this scenario is an important issue 
of low-energy hadronic QCD. Furthermore, decays of heavy states in the charmonia 
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region involve the scalar mesons below 2 GeV. Thus, the correct interpretation of the 
latter is a crucial step for the analysis of the decays of charmonia and heavy-glueball 
states, which according to Lattice QCD are believed to show up in the mass region 
between 3-5 GeV |52] , in turn related to the planed experimental search of PANDA 
at FAIR p]. 

As an interesting development, the analysis of electromagnetic decay of (and into) 
vector meson such asV ^ S^^'^^'j |^54j and S^^"^^ — > V'j [55j within a phenomenological 
composite Lagrangian can constitute a useful step in disentangling the nature of the 
light scalar states below 1 GeV and is planned as a future work. Along the same 
line, possible interactions involving the experimentally well-known tensor mesons 
within a composite approach as in [56] can also be performed. 
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A Nonets and their transformation 

Out of the introduced diquarks we can (formally) identify 4 nonets, with definite 
properties under chiral transformations. We first consider the matrix of tetraquark 
states T (analogous to $ in and M' in [M]): 

T,, = v^y^fVf ; T = T^ + ^T^, (62) 

which constitutes of a scalar and a pseudoscalar nonet of tetraquark states given by 
the Hermitian matrices: 

The matrices T, and transform as S, S" and P in Table 1, except for the 
Ua{^) transformation, which now reads T — >■ e~^^'^T. In particular, for chiral trans- 
formations: T — > LTB) . Notice that the scalar nonet S^'^'^^ of Eqs. ( |T2il and (fT7|l 
is now a part of . In the chiral context the scalar nonet is an admixture of 
both diquarks. In [301 ES] the tetraquark-quarkonia mixing occurs via the chirally 
invariant (but not Ua{^) invariant) term 

£^ix = e-Tr[ETt + TSt] (64) 

where e is a free parameter. 

Other two tetraquark meson nonets can be formed: 

= v^^f , Ti = v^^f (65) 



21 



which under chiral transformations transform as RT^K^ and — LT^L\ 

i.e. such as quark's left and right currents, connected to vector and axial-vector 
mesons. In the present context we still deal with scalar and pseudoscalar tetraquark 
states, which we denote as n"^ and 11'^: 

= \{T^ + T^); = -L (^J^, + ^y^) (66) 
= ^(^^ - 2^^); nj = [^\^, + ^h,) (67) 

The scalar and pseudoscalar nonets 11'^ and 11^ transform as vector and axial-vector 
under chiral transformation. Out of a quark and an antiquark such scalar and 
pseudoscalar objects do not exist because they vanish identically (direct product 
Pr ■ = in the expression for the currents). They are however possible for 
tetraquark states: four nonets can be then formed. 

After chiral symmetry breaking at a diquark level occurs, there is no reason that 
the physical nonets are those listed in the present Appendix. The scalar nonets 

and can mix and split. This fact resembles the flavour wave functions of 
the vector mesons uo and 0, where the quark mass splitting generates a separation 
of (m, d) and s quark dynamics. We assumed that the splitting is large enough to 
generate two separated nonets of scalar and pseudoscalar diquark constituents: 

n ^ = y^ly.,, ^1^, (68) 

The scalar nonet does not show up in the spectrum below 2 GeV. It could 
be heavier, too broad or simply not realized in nature. Here we simply concentrated 
on iSl^*^'. A more quantitative analysis of the splitting of scalar and pseudoscalar 
diquarks would represent an interesting subject on its own. 



B Results for parameter variation 



We evaluate the quarkonium amount in the resonance ao(980), represented by the 
quantity sin^ 6*, for different choices of the parameters. We consider all three values 
for c/2 = 5 7.5 10 GeV^ listed in Eq. We first employ g"^ = 10.4 

GeV^ and we consider different values for the ratio C2/C1. (The value C2/C1 = 1 would 
imply large- A^'c violation. Here it is used to show the stability of the results under 
changes of this ratio). 



Table 4: 



sin 6 when varying q and — . 

^^aQ(1450)^r)7r 



10.4 GeV^l 





(£2 = i) 


(t = 0.62) 


(- = 1) 


9^ (GeV2) 

^an(980)^r;7r ^ ' 




sin^^ 


sin^^ 


5 


3.23% 


3.22% 


3.22% 


7.5 


4.82% 


4.81% 


4.80% 


10 


6.40% 


6.39% 


6.38% 
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Notice that the dependence on the ratio C2/C1 is extremely weak. 

As stressed in Section 3.2.2 the value for q"^ can be smaller than 10.4 

•^aQ{1450)^J7ir 

GeV^. We evaluate sin^ 6 for q"^ = 5.2 GeV^. This value corresponds to a 

width four times smaller: rao(i45o)^r)7r 
can be regarded as a lower limit. 



119/4 = 29.75 MeV, probably to small. It 



Table 5: sin 6 when varying and — . 

(g^ = 5.2 GeV2) 







= 0.62) 


- = 1 
^^1 ■) — ^ 


9^ (GeV^) 




sin^^ 


sin^^ 


5 


3.79% 


3.78% 


3.77% 


7.5 


5.66% 


5.65% 


5.63% 


10 


7.51% 


7.50% 


7.48% 



The previous results are confirmed. 

As a last step we include a possible momentum dependence for the quarkonium 
coupling constant: we use the dominant term of Ref. [10] obtained in the framework 
of a chiral Lagrangian: g^^^_^^^^^ = 7(p^ — — M^) where 7 is a constant involving 
the pseudoscalar angle 9p and a nonet decay strength. Strictly speaking one should 
consistently also include a running coupling constant for the four-quark amplitude 
9ao[4q]^r,n- Thls operatlou goes beyond the goal of this work. The present aim 
is to show the stability of the results even in presence of an explicit momentum- 
dependence of the amplitude g 



Table 6: sin^ 9 when varying q^ and — . 



(running q , ] 







(ff = 0.62) 




9", . (GeV2) 


sin^e 


sin^^ 


sin^^ 


5 


4.97% 


4.96% 


4.94% 


7.5 


7.68% 


7.66% 


7.64% 


10 


10.56% 


10.53% 


10.51% 



The results point to a slightly larger quarkonium content, which is however still 
smaller than 11%. Furthermore, this value is realized for q^ = 10 GeV^, 

' ^ao(980)-.r,7r ' 

which, as discussed in Section 3.2.2, can be considered as an upper limit. 
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Fig 1.b 



Figure 1: Dominant (l.a) and subdominant (l.b) contributions to the transition am- 
plitudes of a scalar tetraquark state into two pseudoscalar mesons. They correspond 
to the Lagrangian in Eqs. (fT5l) - (fT6l) . 
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Fig 2.b 



Figure 2: Dominant (2. a) and subdominant (2.b) contributions to the tetraquark- 
quarkonia mixing, corresponding to Eq. fl28l) . At one vertex the few's for the 
scalar-isoscalar quarkonia fields, encoded in the matrix Sq of Eq. ([7]), appears. As a 
consequence a tetraquark-quarkonia mixing is generated, whose strength is related 
to So, i.e. to the pion and kaon decay constants. 
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Fig 3.b 



Figure 3: Dominant (3. a) and subdominant (3.b) contributions to the linear terms in 
the scalar-isoscalar tetraquark fields, which generate a non-zero vacuum expectaion 
value for the latter, see Eq. (jUj). At both vertices the the wev's of the scalar-isoscalar 
quarkonia fields, encoded in the matrix Sq of Eq. ([7]), appear. 
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